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Abstract

Car insurance claim frequencies often exhibit overdispersion, making the Poisson
model too restrictive for premium estimation. This study develops a Negative
Binomial-based Bayesian and E-Bayesian framework for estimating and predicting
Esscher premiums using aggregated car insurance claim-frequency data. The
novelty of this study lies in combining a closed-form Esscher premium under the
Negative Binomial model with Bayesian conjugate updating and E-Bayesian
hyperparameter averaging to reduce sensitivity to prior specification. A simulated
aggregated claim-frequency table with 1,200 exposure units was used to illustrate
the proposed framework. The data contained 642 total claims, with an empirical
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mean of 0.5350 and a sample variance of 0.8378. The variance-to-mean ratio of
1.5660 confirmed overdispersion and supported the use of the Negative Binomial
model over the Poisson model. The method-of-moments estimates were = 0.9452
for the dispersion parameter and p = 0.6386 for the success probability. At the
representative tilt parameter a = 0.30, the Esscher premiums obtained from the
method-of-moments, Bayesian, and E-Bayesian approaches ranged from
0.9004869 to 0.9059240, indicating stable premium estimates across alternative
estimation methods. The sensitivity analysis showed that the Esscher premium
increases nonlinearly with the tilt parameter, confirming its role as a risk-loading
control. The prequential illustration further showed that the framework can
support one-step-ahead prediction for aggregated claim totals. Overall, the
proposed approach provides a robust and analytically tractable premium
estimation framework for overdispersed car insurance claim-frequency data when
prior information is uncertain and only aggregated data are available.

1. INTRODUCTION

Premium calculation is one of the central tasks in actuarial science because it translates the probabilistic
behavior of insurance losses into a practical price. In insurance operations, a premium should be sufficient to
cover expected claims, contain an appropriate margin for risk, and remain acceptable from a business
perspective. These objectives become more difficult to achieve when claim experience is limited,
heterogeneous, or available only in aggregated form. In such settings, the statistical model used to represent
claim frequency and the premium principle used to transform the distribution into a price become equally
important. Among classical premium principles, the Esscher premium principle remains attractive because it
introduces risk loading through exponential tilting, so that larger outcomes receive greater weight in the
premium calculation [1].

In claim frequency modeling, the Poisson distribution is often used as a starting point because it is simple
and depends on a single intensity parameter. However, car insurance claim counts frequently exhibit
overdispersion, where the observed variance exceeds the mean. This pattern may arise from differences in
policyholder risk characteristics, exposure levels, driving behavior, and other unobserved factors. When
overdispersion is present, the Poisson model may underestimate claim variability and produce less reliable
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premium estimates. The Negative Binomial distribution provides a more flexible alternative because it allows
the variance to exceed the mean while retaining analytical tractability for actuarial calculation [2], [3].

Beyond the choice of claim frequency model, parameter uncertainty is also an important issue in premium
estimation. Bayesian inference provides a coherent framework for incorporating such uncertainty by
combining prior information with observed claim data. This approach is particularly useful in insurance
applications where historical experience is limited or claim data are summarized in aggregated frequency tables
rather than individual-level records. Recent studies have shown that Bayesian methods can support scalable
premium estimation and experience rating for insurance portfolios [4]. Nevertheless, Bayesian estimates may
be sensitive to the specification of prior hyperparameters. When prior information is weak or difficult to elicit,
different hyperparameter choices may lead to different posterior estimates and, consequently, different
actuarial pricing decisions [5], [6].

One approach to reducing this sensitivity is E-Bayesian estimation. Instead of relying on a single prior
specification, the E-Bayesian approach averages the Bayes estimator over a hyperprior distribution defined on
the hyperparameter space. This procedure can provide a more robust estimator when prior elicitation is
uncertain [7]. In insurance applications, E-Bayesian estimation has been considered for premium estimation
and prediction under simpler count models such as the Poisson model [8]. However, its application to Esscher
premium estimation under a Negative Binomial claim frequency model remains limited. This gap is important
because overdispersed car insurance claim frequencies require a pricing framework that can simultaneously
account for extra-Poisson variation, parameter uncertainty, and sensitivity to prior hyperparameter choices.
Addressing these issues is particularly relevant when claim information is available only in aggregated
frequency tables, since actuaries may not always have access to complete policy-level claim histories.
Therefore, a tractable framework that combines overdispersion modelling, risk-loaded premium calculation,
and robust Bayesian updating can provide practical value for actuarial pricing decisions.

Motivated by this gap, this study develops a pricing and prediction framework for car insurance claim
frequencies under a Negative Binomial model using the Esscher premium principle. This study also
complements recent Indonesian actuarial research that emphasizes the importance of model assumptions, risk
components, and sensitivity analysis in premium calculation [9]. The main contributions of this paper are
threefold. First, a closed-form expression for the Esscher premium under the Negative Binomial model is
formulated through the moment generating function. Second, Bayesian estimation is applied to the success
probability parameter using conjugate updating, and the analysis is extended to an E-Bayesian framework by
averaging over alternative hyperprior specifications. Third, the framework is extended to one-step-ahead
prediction and evaluated through a prequential approach using simulated aggregated car insurance claim-
frequency data. The remainder of this paper is organized as follows. Section 2 presents the methodological
framework, Section 3 discusses the numerical illustration and predictive evaluation, and Section 4 concludes
the paper.

2. METHODS

This study develops an actuarial framework for estimating and predicting car insurance claim frequencies
under a Negative Binomial model using the Esscher premium principle. This framework is designed to address
overdispersion, parameter uncertainty, and prior sensitivity in aggregated claim-frequency data. The use of the
Esscher premium principle also allows the resulting premium to incorporate risk loading through the tilt
parameter in a transparent analytical form. The methodological steps consist of specifying the claim frequency
model, deriving the Esscher premium in closed form, estimating the frequency parameter in a Bayesian
framework, extending the estimation to an E-Bayesian setting, and evaluating predictive performance through
a prequential approach.
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2.1 Negative Binomial frequency model

Let X denote the number of claims arising during a fixed observation period for a homogeneous exposure
unit. In this study, the claim count is assumed to follow a Negative Binomial distribution with dispersion
parameter r > 0 and success probability 0 < p < 1, denoted by X ~ NB(r,p). The Negative Binomial
distribution is widely used in insurance claim-frequency modeling because it can accommodate overdispersion
in claim count data [2]. Following the standard formulation of discrete claim-frequency distributions in non-
life actuarial models, the probability mass function is given by [10]:

I'x+r)

P =x) = r'(r)x!

p" (1 —p)*, x=0,1,2,... (1)
Equation (1) is used as the basic claim-frequency model throughout this study. The Gamma-function form is
used because the dispersion parameter r is allowed to take positive real values, not only positive integers. This
specification is appropriate for non-negative integer-valued claim data and is flexible enough to represent
heterogeneous claim frequencies across policyholders. Under the parameterization in Equation (1), the mean
and variance of X are

_r(1-p)
E[X] = — )
and
varpr) = 22 3

Equations (2) and (3) show that the variance is larger than the mean whenever 0 < p < 1. This property makes
the Negative Binomial model suitable for overdispersed claim frequency data. In car insurance portfolios, such
overdispersion may arise because many policyholders report zero claims, while a smaller group produces one
or more claims during the observation period [10].

2.2 Esscher premium principle

Let My (t) = E[e*X] denote the moment generating function of the claim count variable X, where t is a
real-valued argument of the moment generating function. Evaluating this function at t = a gives My (t) =
E[e®X], and the derivative of My (t) evaluated at t = « is denoted by My (a). Therefore, the Esscher premium
with tilt parameter « is defined as [11]:

E[Xe®™] My(a)

X) = = 4
"M = F ST T My(a) @
For X ~ NB(r,p), the moment generating function is given by [10]:
p r
My(t) = | ——————— t<-=In(1-

The existence condition in Equation (5) determines the admissible range of the tilt parameter a. By
differentiating {n My (t) with respect to t and evaluating it at t = a, the closed-form Esscher premium is
obtained as

r(1 —p)e*

Tq(X) =m,

a<-—In(l-p) (6)

Equation (6) indicates that the Esscher premium depends on the dispersion parameter r, the success probability
p, and the tilt parameter a. A larger value of a increases the weight assigned to higher claim counts and
therefore produces a higher risk-loaded premium.
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2.3 Bayesian estimation

Suppose X1, X5, ..., X,, are independent observations from the Negative Binomial distribution defined in
Equation (1), with known dispersion parameter r and unknown success probability p. Let

n
S = le
i=1

denote the total observed claim count. Based on the Negative Binomial probability mass function in Equation
(1), and by ignoring multiplicative constants that do not depend on p, the likelihood function can be written as
[10].

L(p | xq, ., Xy) < p™ (1 = p)*® (7)

Equation (7) shows that the information about p is summarized by the number of observations n, the
dispersion parameter r, and the total claim count S. This form is useful when claim data are available in
aggregated form rather than as individual policy-level records. A Beta prior is assigned to p because the support
of the Beta distribution matches the parameter space 0 < p < 1. The prior density is given by [5].

I'(a+b)

a-1(q] — p)b-1 0<p<1l,a>0b>0 8
FQQFUOP 1-p) p a (8)

n(plab)=
In Equation (8), a > 0 and b > 0 are the positive prior shape parameters of the Beta distribution. The
parameter a controls the prior weight associated with the success component, while b controls the prior weight
associated with the claim-count component through 1 — p. Combining the likelihood in Equation (7) with the
Beta prior in Equation (8), the posterior distribution of p is obtained as [5].

plxq..,x, ~Beta(a+nr, b+5) )
Under squared-error loss, the Bayes estimator of p is the posterior mean [5].

a+nr

R —— (10)
a+b+nr+S

D =
Equation (10) represents the updated estimate of the success probability after combining prior information and
observed claim data. The corresponding plug-in Bayesian estimator of the Esscher premium is obtained by

substituting pg into Equation (6), so that

r(1-pple”

ﬂa’B = W, a < _ln(l - pAB) (11)

When individual policy-level observations are unavailable, the dispersion parameter r may be estimated from
aggregated claim-frequency summaries. Let ¥ and s2 denote the sample mean and sample variance computed
from the aggregated frequency table. From the mean and variance relationship of the Negative Binomial model,
the method-of-moments estimator of r is obtained as [10].

= -, st>x (12)

The condition s? > % reflects the overdispersion requirement. If this condition is not satisfied, the Negative
Binomial model is not supported by the empirical mean-variance relationship, and a Poisson-type model would
be more appropriate.

2.4 E-Bayesian estimation

Although Bayesian inference provides an analytical estimator in Equation (10), the result may still depend
on the chosen prior hyperparameters a and b. To reduce this dependence, this study adopts the E-Bayesian
estimation approach, in which the Bayes estimator is averaged over a hyperprior distribution defined on the
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hyperparameter space [7]. Let pg(a, b) denote the Bayes estimator in Equation (10) for a given pair of
hyperparameters (a’ b). The E-Bayesian estimator of p under the j-th hyperprior specification is defined as

1
Cc
Depj = j f bp (@, b)w(a)hj(b) dbda,  j=123. (13)
0
0

where w(a) denotes the Beta weighting density for a, and h;(b) denotes the j-th hyperprior density for b on
0 < b < c. Equation (13) shows that the E-Bayesian estimator does not rely on a single prior specification,
but instead averages the Bayes estimator across admissible values of the prior hyperparameters. In this study,
the hyperparameter region is defined as

Q={(ab)0<a<1 0<b<c} (14)

where ¢ > 0 is a fixed upper bound for b, while a is restricted to the unit interval. This setting defines the
admissible hyperparameter region used for E-Bayesian averaging. The weighting density for a is specified as
I'u+v)

ma“"l(l - a)”'l,O <a<l

w(a) =

The following three hyperprior specifications are considered over £2:

hy(b) = i—f, h,(b) = % hs(b) = #, 0<b<c
The first hyperprior gives increasing weight to larger values of b, the second gives uniform weight over the
hyperparameter region, and the third gives decreasing weight to larger values of b. These three specifications
are used to examine whether the resulting estimator remains stable under different hyperprior weighting
patterns. The corresponding plug-in E-Bayesian estimator of the Esscher premium is obtained by substituting

Dgg,j into Equation (6), namely

2 o (1 —Pepj)e”
“EBS T1-(1- Peg,j)e®*’

j=123 (15)

Equation (15) provides the estimated Esscher premium under each E-Bayesian specification. The comparison
among the three values is used to assess the robustness of the premium estimate with respect to hyperprior
choice.

2.5 One-step-ahead prediction and prequential evaluation

The framework is extended to prediction by considering the next-period claim count. Under the Bayesian
model, the posterior predictive distribution is obtained by integrating the Negative Binomial sampling
distribution with respect to the posterior distribution of p. Under squared-error loss, the Bayesian predictor is
the posterior predictive mean. The E-Bayesian predictor is defined similarly by averaging the Bayesian
predictor over the hyperparameter distribution. To evaluate sequential predictive performance, this study uses
a prequential setting, in which the model is updated using accumulated information and then evaluated on the
next block of observations. This evaluation is appropriate when claim information becomes available over time
and the insurer needs to assess how well the model predicts future aggregated claim totals.

Let Y, denote the observed claim total in block k, and let ¥, denote the corresponding one-step-ahead
predicted claim total. If there are K prediction blocks, the average prediction error (APE) is defined as

K
1 .
APE=EZ 1Y, — Y | (16)
k=1
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Equation (16) is used because the objective of the prequential illustration is to assess the size of one-step-ahead
prediction errors in aggregated claim totals under sequential updating. The APE summarizes the absolute
difference between the observed and predicted block totals on the original claim-count scale, so it is directly
interpretable as the average number of claims by which the prediction deviates from the observed block total.
This is appropriate because the numerical illustration uses equal-exposure blocks and aggregated frequency
data rather than individual policy-level observations. Other evaluation measures were not used as primary
criteria for the following reasons. MSE and RMSE square the errors and therefore give disproportionately
large weight to occasional block-level deviations, which may obscure the typical prediction deviation in this
illustrative setting. MAPE was not considered because percentage errors can be unstable when observed claim
totals are small or close to zero. Full density-based scores, such as log predictive score, were also not used as
the primary criterion because the aim is not to compare full predictive distributions, but to demonstrate
sequential point prediction of aggregated claim totals. Therefore, APE is used as a simple and transparent
summary measure, while more comprehensive score-based comparisons can be considered in future
applications with real portfolio data. Predictive evaluation should be aligned with the target of comparison and
the type of forecast being assessed [12].

2.6 Illustrative aggregated data

To illustrate the proposed method, this study uses a simulated aggregated car insurance claim-frequency
table. The data are not taken from a specific insurance company and should not be interpreted as the actual
experience of a particular insurer. Instead, the dataset is constructed for numerical illustration in order to
evaluate the proposed Negative Binomial, Bayesian, and E-Bayesian premium estimation framework. The
frequency table was constructed to reflect the common empirical characteristics of claim-frequency data,
namely a high proportion of zero-claim observations, a declining right tail, and a variance larger than the mean.
Therefore, the dataset is used to demonstrate the analytical behavior of the proposed framework under
overdispersion rather than to represent a specific insurance portfolio.

The simulated table consists of 1,200 exposure units and is designed to resemble a typical car insurance
claim-frequency portfolio. The distribution is characterized by a high proportion of zero-claim observations
and a gradually declining right tail, where only a small number of exposure units generate multiple claims.
This pattern is consistent with the general empirical structure of claim-frequency data, in which most
policyholders report no claims during the observation period while a smaller group contributes to the positive
claim counts. The use of simulated aggregated data is appropriate for this study because the main objective is
to demonstrate the analytical framework when only summarized claim-frequency information is available. The
aggregated setting also reflects a practical situation in which actuaries may have access to frequency tables
rather than complete individual-level claim histories. All references to the illustrative dataset in the following
section should therefore be understood as simulated aggregated car insurance claim-frequency data.

3. RESULT AND DISCUSSION
3.1 Aggregated claim frequency data

The simulated aggregated claim-frequency data used in this illustration are presented in Table 1. The
dataset consists of 1,200 exposure units and represents aggregated car insurance claim counts. The distribution
is dominated by zero-claim observations, while higher claim counts occur with gradually smaller frequencies.
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Table 1. Simulated car insurance claim frequency table

Number of claims x | Frequency f(x)

0 780
1 280
2 90
3 30
4 12
5 5
6 2
7 1

Total 1200

From Table 1., the total number of claims is obtained by multiplying each claim count by its corresponding
frequency and summing across all categories:

S=fox=642.
X

Thus, the empirical mean claim frequency is

. LxXfy 642
X = n = TOO = 0.5350.

The sample variance is computed from the aggregated frequency table as

2 Zx fx (x — X )2
S =
n—1
The descriptive statistics are summarized in Table 2. These numerical values are obtained by substituting the

= 0.8378.

frequencies in Table 1. into the grouped-data formulas above; in particular, the empirical mean (0.5350) and
sample variance (0.8378) are then used as inputs for the method-of-moments estimator in Equation (12).

Table 2. Descriptive statistics of the data

Statistic Value
Total exposure 1200
Total claims 642
Mean claim frequency 0.5350
Sample variance 0.8378
Variance-to-mean ratio 1.5660
Zero-claim proportion 65.00%
Maximum observed claim count 7
The variance-to-mean ratio is
f _ 0.8378 — 15660
x 0.5350 ' '

This value is greater than one, indicating overdispersion in the simulated claim-frequency data. Since the
Poisson model assumes equality between the mean and variance, the observed mean-variance relationship
suggests that the Poisson model would be too restrictive for these data. The Negative Binomial model is
therefore more appropriate because it allows the variance to exceed the mean.
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3.2 Baseline Negative Binomial parameters

The baseline Negative Binomial parameters are estimated using the method-of-moments estimator in
Equation (12), which is derived from the mean and variance relationships in Equations (2) and (3). The inputs
are the empirical mean ¥ = 0.5350 and sample variance s? = 0.8378. Substituting these values into Equation
(12), the dispersion parameter is estimated as

x? 0.5350?

s2—x% 0.8378 — 0.5350
Using the mean relationship in Equation (2),

7= = 0.9452.

__fA-p)
X =—"",

A

p
the corresponding method-of-moments estimate of the success probability is

4 0.9452

#+% 09452+ 0.5350
Thus, the dispersion estimate is 0.9452 and the success-probability estimate is 0.6386. The value 0.6386 refers

to the estimated success probability p, not to the dispersion parameter 7. The estimated dispersion parameter

= 0.6386.

p=

is 7 = 0.9452. This distinction is important because r controls the degree of extra-Poisson variation, while p
determines the success probability parameter in the Negative Binomial model. The moment generating
function exists for ¢ < —In(1 — p). With p = 0.6386, the admissible upper bound is approximately —In(1 —
p) = 1.0179. Therefore, the representative tilt level @ = 0.30 used in the premium calculation lies inside the
admissible range.

3.3 Bayes and E-Bayesian estimation results

The Bayesian analysis proceeds by assigning a Beta prior to the success probability parameter p. Through
conjugate updating, the posterior mean in Equation (10) provides the Bayes estimator of p. The estimated
success probabilities and corresponding Esscher premiums are shown in Table 3. For the numerical
illustration, the Bayes estimator was computed using ay = 2 and by = 3. The E-Bayesian estimators were
computed using u = 2, v = 3, and ¢ = 5, as implemented in the hyperprior averaging procedure described in
Section 2.4.

Table 3. Estimated success probability and Esscher premium under alternative estimation methods

Method Estimated success probability (p) Esscher premium
MoM 0.6385723 0.9004869
Bayes 0.6379026 0.9037505

E-Bayes 1 0.6374579 0.9059240
E-Bayes 2 0.6377567 0.9044634
E-Bayes 3 0.6380554 0.9030050

Table 3. shows that the estimated values of p are close across the method-of-moments, Bayes, and E-
Bayesian approaches. The corresponding Esscher premiums range from 0.9004869 to 0.9059240, with a
difference of only 0.0054371. This narrow range indicates that the premium estimates remain stable under
alternative estimation procedures. Although the numerical differences are small, the E-Bayesian estimators are
still useful because they explicitly incorporate uncertainty in the prior hyperparameters. Rather than relying on
a single choice of a and b, the E-Bayesian approach averages the Bayes estimator across admissible
hyperparameter values. From an actuarial perspective, this provides a more robust premium estimation
procedure when prior information is uncertain or difficult to elicit.
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3.4 Premium sensitivity to the tilt parameter

An important feature of the Esscher premium in Equation (6) is its dependence on the tilt parameter a.
Figure 1. illustrates the sensitivity of the Esscher premium to changes in o under the method-of-moments,
Bayes, and E-Bayesian estimators. This sensitivity analysis is used to examine whether the proposed estimators
preserve the expected risk-loading behavior of the Esscher premium principle. It also provides insight into how
strongly the estimated premium responds to changes in the tilt parameter under different estimation methods.

- — MoM
--- Bayes
e © 4 E-Bayes 1
S -—-- E-Bayes 2
E v —— E-Bayes 3
o
Q- —
©
=y
Q )
)]
(]
L
N —

0.2 0.4 0.6 0.8

a

Figure 1. Curves of Esscher premium versus o for MoM, Bayes, and E-Bayes estimators

As shown in Figure 1., the Esscher premium increases as the tilt parameter a becomes larger for all
estimation methods. This pattern is expected because the Esscher premium principle applies exponential tilting
to the claim count distribution. When a increases, higher claim counts receive greater relative weight in the
premium calculation. Consequently, the resulting premium becomes larger. This behavior is supported by
previous studies on the Esscher premium principle. Laeven and Goovaerts [11] explain that premium
calculation based on exponential tilting gives relatively greater weight to larger losses or claim outcomes.
Zhang and Wen [13] similarly show that, under the Esscher premium principle, the Esscher parameter controls
the degree of risk loading in the risk premium. Therefore, the increasing pattern in Figure 1. is consistent with
the theoretical and empirical conclusions of earlier actuarial studies.

Figure 1. also shows that the increase in the premium is not linear. The premium curves become steeper as
a moves closer to the admissible boundary of the moment generating function, namely @ < —In(1 — p). This
occurs because the denominator in Equation (6), 1 — (1 — p)e%, becomes smaller as a increases. Therefore,
choosing a too close to the boundary may lead to a rapidly increasing premium. From an actuarial pricing
perspective, this result indicates that the tilt parameter should be selected within a stable interior region so that
the resulting premium remains interpretable and not excessively sensitive to small changes in a. The curves in
Figure 1. are close to one another across the MoM, Bayes, and E-Bayes estimators. This reflects the small
differences in the estimated success probability p reported in Table 3. Although the E-Bayesian estimators
slightly change the premium level, they do not alter the overall increasing pattern of the Esscher premium.
This supports the interpretation that the E-Bayesian approach provides robustness against prior hyperparameter
choices while preserving the expected pricing behavior of the Esscher premium principle.

3.5 Prequential evaluation illustration

To assess predictive performance, the proposed framework is considered in a sequential setting where the
portfolio is partitioned into equal-exposure blocks. At each stage, the model is updated with the accumulated
information and used to produce a one-step-ahead prediction for the next block total. This sequential evaluation
reflects a practical actuarial situation in which claim experience becomes available gradually over time. It also
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allows the stability of the updating procedure to be examined by comparing predicted and observed aggregated
claim totals across successive blocks. The discrepancy between observed and predicted totals is then
summarized using the average prediction error (APE) defined in Equation (16).

—o— Observed y;

o0 _|
© . A
—o - Predicted y,
o
o _]
® o o\ o
N o/ o
X9} s
w8 \ o —e\-—-e_ _
Q ‘./’
© o _|
T 0
3
S
0 _| o
<

40
o

35
|

Block t
Figure 2. Observed block totals and one-step-ahead predicted totals

Figure 2. presents the observed block totals together with the one-step-ahead predicted totals. Excluding
the initial prior-predictive block, the resulting average prediction error (APE) was 10.2891 claims per block.
This indicates that, after sequential updating began, the one-step-ahead predicted aggregated claim totals
deviated from the observed block totals by approximately 10.29 claims on average. The observed series shows
block-to-block fluctuations, indicating that aggregated claim totals may vary even when the underlying
exposure size is controlled. This is a common feature of claim-frequency data because the number of claims
in a given block is affected by random variation as well as unobserved heterogeneity among policyholders. In
contrast, the predicted totals in Figure 2. move more smoothly than the observed values. This occurs because
the prediction is based on the posterior predictive mean, which summarizes the expected next-block claim total
after incorporating information from previous blocks. Therefore, the predicted values are not intended to
reproduce every short-term fluctuation exactly. Instead, they are designed to provide a stable estimate of the
next aggregated claim total under sequential updating.

The gaps between observed and predicted totals are especially informative. When an observed block total
changes sharply relative to previous blocks, the predicted value tends to adjust more gradually because the
model is updated using accumulated claim experience. This pattern suggests that the framework captures the
general level of claim frequency but does not overreact to short-term random deviations. From a practical
actuarial perspective, such behavior is desirable because premium and prediction models should be stable
enough for pricing decisions while still being responsive to new claim information.

Overall, Figure 2. supports the usefulness of the prequential evaluation framework. It illustrates how the
Negative Binomial-based Bayesian and E-Bayesian approach can be used not only to estimate premiums, but
also to monitor one-step-ahead predictive performance when claim data are observed sequentially in
aggregated form. The role of the average prediction error (APE) in Equation (16) is to summarize these
observed-predicted discrepancies into a single interpretable measure of sequential forecasting performance.
From a practical actuarial perspective, the proposed framework is useful when insurers only have aggregated
claim-frequency tables rather than complete policy-level records. It offers a transparent way to estimate risk-

loaded premiums under overdispersion while reducing dependence on a single prior specification. Because the
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numerical results are based on simulated aggregated data, they should be interpreted as evidence of analytical
feasibility and numerical stability rather than as empirical evidence for a specific insurance portfolio.

4. CONCLUSIONS

This study developed a Negative Binomial-based Bayesian and E-Bayesian framework for estimating and
predicting Esscher premiums for car insurance claim frequencies. The use of the Negative Binomial model is
supported by the descriptive characteristics of the simulated aggregated claim-frequency data. From 1,200
exposure units, the total number of claims was 642, giving an empirical mean of 0.5350 and a sample variance
0f 0.8378. The variance-to-mean ratio of 1.5660 indicates overdispersion, showing that the Poisson assumption
of equal mean and variance would be too restrictive for these data.

Using the method-of-moments approach, the estimated dispersion parameter was © = 0.9452, while the
estimated success probability was p = 0.6386. This clarification is important because the value 0.6386 refers
to p, not 7. The Bayes and E-Bayesian estimators produced values of p that were close to the method-of-
moments estimate. At the representative tilt parameter @ = 0.30 , the resulting Esscher premiums ranged from
0.9004869 to 0.9059240. This narrow range suggests that the proposed estimation procedure is numerically
stable across the method-of-moments, Bayesian, and E-Bayesian approaches.

The sensitivity analysis showed that the Esscher premium increases as the tilt parameter a becomes larger.
This confirms the role of « as a risk-loading parameter, because higher values of a assign greater weight to
larger claim counts. The prequential illustration further showed how the proposed framework can be used for
one-step-ahead prediction when claim data are observed sequentially in aggregated form. The predicted block
totals moved more smoothly than the observed totals, reflecting the role of the posterior predictive mean in
producing stable sequential forecasts.

Overall, the proposed framework provides a practical approach for premium estimation and prediction
when car insurance claim-frequency data are overdispersed, aggregated, and subject to prior uncertainty. The
E-Bayesian component adds value by reducing dependence on a single prior hyperparameter specification
while preserving the expected behavior of the Esscher premium principle. This study is based on simulated
aggregated data and is intended as a numerical illustration of the proposed analytical framework. Therefore,
the findings should be interpreted as evidence of analytical feasibility and numerical stability rather than as
empirical evidence for a specific insurance portfolio. Future research may extend this framework by applying
it to real insurance portfolio data, incorporating policyholder-level covariates, considering zero-inflated or
hurdle count models, and developing data-driven procedures for calibrating the Esscher tilt parameter.
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