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Abstract

Classical ruin models commonly assume stationary claim arrivals and often
examine financial conditions, taxation, and heavy-tailed losses separately. This
fragmentation limits their ability to assess insurer solvency when claim frequency
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framework that jointly incorporates an inhomogeneous Poisson claim-counting
process, financial adjustment through the real force of accumulation, and Kevword
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proportional taxation. Ruin probabilities are examined under exponential and
subexponential claim-size distributions. For exponential claims, the framework
provides an analytical characterization of the effects of initial surplus, premium
loading, financial adjustment, and taxation on insolvency risk. For subexponential
claims, the asymptotic analysis shows that ruin is governed by the tail behaviour
of exceptionally large losses. The results indicate that larger initial reserves and
premium loadings strengthen solvency, whereas higher claim intensity and taxation
increase ruin risk; heavy-tailed claims also produce more persistent insolvency
exposure than light-tailed claims. The novelty of the study lies in integrating time-
varying claim arrivals, financial risk, taxation, and contrasting claim-tail regimes
within a single analytical structure. The proposed framework provides a basis for
solvency assessment, capital planning, and actuarial risk management under
changing insurance and economic conditions
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1. INTRODUCTION

The probability of ruin is a central concept in non-life insurance risk theory and remains one of the most
important quantitative measures of an insurer’s long-term solvency. Since the seminal contributions of Cramér
and Lundberg, ruin theory has provided a rigorous probabilistic framework for analyzing the stability of
insurance portfolios exposed to stochastic claim arrivals and random claim sizes [ 1,5]. In the classical Cramér—
Lundberg (CL) model, the insurer’s surplus process is defined under the assumptions of a constant premium
rate, independent and identically distributed claim sizes, and a homogeneous Poisson process governing claim
arrivals. Under the net profit condition, explicit expressions and asymptotic results for ruin probabilities are
well established through the Pollaczek—Khintchine formula and related analytical techniques [2,10].

Despite its analytical tractability and foundational importance, the classical CL model relies on assumptions
that are often unrealistic in practical insurance environments. In particular, the assumption of homogeneous
claim arrivals fails to capture the time-varying nature of claim frequencies observed in real-world insurance
portfolios. Empirical evidence indicates that claim intensities are influenced by seasonality, economic
fluctuations, regulatory changes, and portfolio growth, resulting in non-stationary behavior that cannot be
adequately represented by a constant Poisson intensity [8,9,11]. Consequently, homogeneous models may lead
to biased solvency assessments and underestimation of ruin probabilities.

To address this limitation, contemporary research has introduced inhomogeneous Poisson processes
(IHPP), which allow claim arrival intensities to vary over time while preserving the analytical tractability of
Poisson-based models. The IHPP framework has been widely adopted in actuarial science and has
demonstrated improved performance in modeling non-stationary insurance risks [6,9,11]. However, many of
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these extensions focus primarily on claim arrival dynamics and overlook other important determinants of
insurer solvency.

Among these determinants, financial risk plays a critical role in the evolution of an insurer’s surplus.
Interest rates and inflation affect both premium accumulation and claim valuation, thereby influencing the real
value of future cash flows. Ignoring such effects may produce misleading solvency assessments, particularly
for long-term insurance portfolios operating under volatile economic conditions [14]. Present-value
formulations have therefore been proposed to incorporate financial dynamics into surplus models, with the
expected value principle providing a solvency condition linking premium income to aggregate claims under
financial adjustments [7]. In addition, taxation affects insurer solvency by reducing net reserves and increasing
the likelihood of ruin. The loss-carry-forward tax framework developed by Albrecher and Hipp [1] offers a
tractable mechanism for incorporating taxation into ruin models and demonstrates the adverse impact of
taxation on solvency outcomes.

Claim size distributions also play a fundamental role in ruin analysis. While classical models frequently
assume light-tailed distributions such as the exponential distribution, empirical evidence suggests that
insurance losses often exhibit heavy-tailed behavior. Subexponential distributions, including Pareto-type
distributions, are particularly suitable for modeling extreme losses in liability, catastrophe, and reinsurance
portfolios [8,14,15]. A defining characteristic of these distributions is that aggregate losses are asymptotically
dominated by the largest individual claim, resulting in substantially different ruin dynamics compared with
light-tailed models. Consequently, models that ignore heavy-tailed risks may significantly underestimate
insolvency risk.

Although substantial progress has been made in extending ruin theory, existing studies generally examine
the key determinants of insurer solvency in isolation. Classical models such as those of Asmussen and
Albrecher [2] and Kyprianou [10] provide comprehensive analytical results but assume homogeneous claim
arrivals and exclude financial risk and taxation. Studies incorporating inhomogeneous claim arrivals, including
Bieliauskien¢ [3] and Lewis and Shedler [11], capture non-stationary claim behavior but typically omit
financial effects. Conversely, models developed by Paulsen [14] and Deelstra et al. [7] incorporate interest
rates and inflation into surplus dynamics but generally assume stationary claim arrival processes. Similarly,
taxation models based on the framework of Albrecher and Hipp [1] are usually analyzed independently of
[inhomogeneous claim arrivals and heavy-tailed claim distributions. Heavy-tailed risk models developed by
Embrechts et al. [8] and Teugels [16] capture extreme loss behavior but are often formulated without
simultaneously incorporating financial risk and time-varying claim intensities.

Maulida et al. [13] formulated the probability of insurer ruin through an integro-differential equation under
a mixture of exponential claim-size distributions and demonstrated that ruin probability decreases with initial
surplus and premium loading. Similarly, Saruan and Effendie [15] developed a continuous-time insurance risk
model involving two claim types and a dependence structure based on the Farlie—Gumbel-Morgenstern
copula. Their analysis derived an integro-differential equation and an explicit ruin-probability expression for
exponentially distributed claims. These studies demonstrate important developments in ruin modelling but do
not jointly incorporate time-varying claim arrivals, financial adjustment, proportional taxation, and both light-
and heavy-tailed claim distributions, as considered in the present study.

Consequently, the literature remains fragmented, with each strand of research addressing only a subset of
the factors that jointly influence insurer solvency. There is therefore a need for a unified analytical framework
that simultaneously integrates inhomogeneous claim arrivals, financial risk, taxation, and heavy-tailed claim
distributions. Addressing this gap is essential for obtaining a more comprehensive and economically consistent
assessment of ruin probabilities under insurance and macroeconomic conditions.

Motivated by these limitations, the present study develops a unified analytical framework for estimating
ruin probabilities in an extended risk model that incorporates inhomogeneous claim arrivals, financial risk,
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and proportional taxation. Specifically, the study derives explicit closed-form expressions for ruin probabilities
under exponential (light-tailed) claim size distributions and establishes asymptotic results for subexponential
(heavy-tailed) distributions. By integrating these key components, the proposed model provides a
comprehensive approach to solvency analysis in insurance risk theory.

The remainder of this manuscript is organized as follows. Section 2 presents the model formulation and
methodological framework. Section 3 introduces the preliminary concepts and assumptions. Section 4 derives
explicit ruin probability results for exponential claim distributions, while Section 5 develops asymptotic results
for subexponential claims. Section 6 discusses the findings, and the final section concludes with implications
for insurance risk management and directions for future research.

2. METHODS

This study adopts a theoretical and analytical research design grounded in stochastic process theory and
actuarial risk modeling to investigate ruin probabilities under an extended insurance risk framework. The
methodology is deductive in nature and builds upon the classical Cramér—Lundberg model by incorporating
time-varying claim arrivals, financial risk, and proportional taxation. The analysis is conducted using
mathematically defined stochastic structures, probabilistic principles, and analytical techniques without
reliance on empirical datasets.

To facilitate interpretation of the mathematical formulation and improve notational clarity, the principal
symbols used throughout the study are summarized in Table 1.

Table 1. Description of Model Notation

Symbol Description

R(t) | Surplus process

R (t) | Discounted surplus process

N (t) | Inhomogeneous claim-counting process

A(t) | Time-varying claim arrival intensity

F(x) | Claim-size distribution function

F (x) | Tail distribution function

F*m (m)-fold convolution of (F)

n(u) | Integrated tail distribution

6(i, f) | Real force of accumulation

b Expected aggregate claim outflow rate

04 Premium loading factor

®(u) | Survival probability

WY(u) | Ultimate ruin probability

y Proportional tax rate

t(u) | Time to ruin
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The insurer’s surplus is modeled as a continuous-time stochastic process R(t), defined for t > 0 by

N(D)

R(1) =u+J:p(s)ds—ZLi,
i=1

where u > 0 denotes the initial reserve, p(t) is a deterministic premium rate function, N(t) represents the
claim-counting process, and {L;};>; are independent and identically distributed non-negative random
variables representing claim sizes. This formulation generalizes the classical risk model by allowing for time-
dependent premium income and stochastic variability in claim arrivals [2,14].

The claim arrival process N (t) is specified as an inhomogeneous Poisson process (IHPP) with deterministic
intensity function A(t) > 0, satisfying

P(N(t+h)—N(t)=1) =A(t)h+o(h),h 10,

which states that the probability of exactly one arrival (claim) occurring in the small interval (t,t + h] is
approximately A(t)h, with an error term o(h) that becomes negligible relative to h as h — 0 with independent
increments over disjoint intervals.

The expected number of claims over the interval [0,t] is given by

t
E[N(t)] = J;) A(s) ds.

This structure captures non-stationary claim dynamics while preserving the tractability of Poisson-based
models [6,9,11].

The analysis of ruin probabilities is conducted using established methods in stochastic risk theory. For
light-tailed claim distributions, transform-based techniques and renewal arguments are employed, leading to
representations consistent with the Pollaczek—Khintchine framework [14],

O =(1-p) ) P (W),
m=0

where ®(u) denotes the survival probability, n*™ the m-fold convolution of the integrated tail distribution 1),
p = %ﬂ is the traffic intensity, and n(u) is the integrated tail distribution associated with the claim-size

distribution.

For heavy-tailed distributions, asymptotic analysis is conducted using subexponential properties,
particularly convolution equivalence and tail dominance. These techniques allow the characterization of ruin
probabilities in terms of the tail behavior of the claim size distribution.

The claim sizes {L;} are assumed to follow a common distribution function F with finite mean u = E[L;].
Two distributional classes are considered within the analytical framework.

For light-tailed risks, claim sizes are assumed to follow an exponential distribution given by

F(x)=1—e_x/“, x=0.
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For heavy-tailed risks, the claim-size distribution is assumed to belong to the subexponential class. Let (F)
denote the claim-size distribution function. Let F*™ represents the m-fold convolution of (F) with itself,
corresponding to the distribution of the sum of (1) independent and identically distributed claim amounts. A
distribution (F) is said to be subexponential if

P
we F ()

=m,m €N,

where F(u) = 1 — F(u) denotes the tail distribution function. This property implies that, for sufficiently large
claim sizes, the probability that the aggregate of (m) claims exceeds (u) is approximately (m) times the
probability that a single claim exceeds (u). Consequently, extreme aggregate losses are asymptotically
dominated by a single large claim, which is a characteristic feature of heavy-tailed insurance risks [8,14,15].

To incorporate financial risk, the methodology adopts a discounting framework consistent with the theory
of spectrally negative Lévy processes as developed in Kyprianou [10]. A constant force of interest § is
introduced to capture the combined effect of interest rates and inflation. The surplus process is transformed
into its present-value form through exponential discounting, yielding the discounted surplus process

R(t) = e %tR(¢).

Substituting the expression for R(t) gives
N(t)

t
e 9 p(s)ds — Z e OTi],,

i=1

R(t) = ue %t + f

0

where T; denotes the arrival time of the i** claim. This formulation ensures that both premium inflows and
claim outflows are consistently discounted, allowing the surplus process to reflect the time value of money
under financial uncertainty. The discounted formulation aligns the surplus process with Lévy-driven risk
models, where premium accumulation corresponds to a deterministic drift component and claims correspond
to downward jumps [10].

The ruin event is defined in terms of the discounted surplus process as
Yu) =P (glgR(t) <0),
where W(u) denotes the ultimate ruin probability which preserves the probabilistic structure of ruin while
incorporating financial effects into the model.
Therefore, time to ruin is defined as
t(u) = inf{t = 0: R(t) < 0},
where T denotes the time to ruin.
The ultimate ruin probability is given by
Y(u) = P(r(u) < ).
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Taxation is incorporated through a proportional loss-carry-forward mechanism. Let y € [0,1) denote the
tax rate applied to positive surplus. The relationship between the taxed ruin probability ¥, (u) and the untaxed
ruin probability ¥, (u) is defined by

Yyw=1-010- ‘Po(u))léy,

which provides a tractable transformation for incorporating fiscal effects into the ruin framework [1].

The analysis of ruin probabilities is conducted using established analytical techniques in stochastic risk
theory. For light-tailed claim distributions, transform-based methods, renewal arguments, and the Pollaczek—
Khintchine framework are employed to derive explicit representations of survival and ruin probabilities. For
heavy-tailed claim distributions, asymptotic analysis based on the defining properties of subexponential
distributions, including convolution equivalence and tail dominance, is utilized to characterize the behavior of
ruin probabilities. In addition, Laplace—Stieltjes transforms and integro-differential equations are used to
analyze the evolution of the surplus process under time-dependent claim intensities, while dominated
convergence arguments facilitate the derivation of asymptotic results. These techniques provide a
mathematically rigorous framework for studying ruin probabilities under the proposed extended risk model
[2,8,10,14].

2.1 Research Framework

To enhance clarity and illustrate the sequence of analytical procedures undertaken in this study, Figure 1.
presents the overall research framework. The analysis begins with the classical Cramér—Lundberg risk model
and progressively extends it by incorporating inhomogeneous claim arrivals, financial risk arising from interest
rates and inflation, and proportional taxation. The resulting extended framework is subsequently examined
under both light-tailed (exponential) and heavy-tailed (subexponential) claim size distributions to derive
explicit and asymptotic ruin probability expressions, respectively. The derived results are then interpreted to
assess insurer solvency under varying claim dynamics and economic conditions.

[ Classical Cramér—Lundberg Risk Model ]

[ Inhomogeneous Claim Arrivals ]

i

‘ Financial Risk Incorporation J

{Interest Rates and Inflation)

[ Taxation Adjustment ]

Light-Tailed Claims Heavy-Tailed Claims
(Exponential) (Subexponential)

! !

Explicit Ruin Asymptotic Ruin
Probability Derivation Probability Derivation

| J
!

Solvency Assessment and
Interpretation of Results

Figure 1. Research Framework for the Extended Ruin Probability Model
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The framework provides a systematic progression from model formulation to solvency assessment, thereby
illustrating the interrelationships among claim arrival dynamics, financial risk, taxation effects, and claim-size
distributions. By integrating these components within a single analytical structure, the study offers a
comprehensive approach to the estimation of ruin probabilities under insurance and economic environments.

Overall, the methodology establishes a unified and mathematically consistent framework that integrates
stochastic claim dynamics, financial discounting, taxation mechanisms, and distributional assumptions for the
analysis of ruin probabilities. Furthermore, the framework facilitates the analytical evaluation of insurer
solvency under both light-tailed and heavy-tailed claim distributions while highlighting the influence of
financial and fiscal factors on long-term solvency outcomes.

3. RESULT AND DISCUSSION

This section presents the analytical derivation of ruin probabilities under the proposed extended risk
model, which incorporates inhomogeneous claim arrivals, financial risk, and proportional taxation. The results
are developed separately for light-tailed (exponential) and heavy-tailed (subexponential) claim size
distributions because these classes exhibit fundamentally different probabilistic and asymptotic behaviours.
The derived expressions provide insight into the combined effects of claim dynamics, financial adjustments,
and taxation on insurer solvency.

3.1 Ruin Probability for Light-Tailed (Exponential) Claims

To incorporate financial risk into the surplus process, the model is formulated in present-value terms,
consistent with the theory of spectrally negative Lévy processes developed by Kyprianou [10]. Under this
framework, the surplus is represented as a discounted stochastic process that reflects the time value of money.
Building on this theoretical foundation, the present study adopts the financially adjusted surplus formulation
introduced by Walter et al. [12], which integrates inhomogeneous claim arrivals with financial discounting
within an actuarial risk framework.

Accordingly, let §(i, f) € R denote the real force of accumulation associated with the interest—inflation
pair (i, f). The real force of accumulation 6 (i, f) represents the combined effect of interest and inflation on
the present value of future cash flows and may be expressed as

5, f) =1In (11:})

Let @, denote the continuous annuity-immediate factor evaluated over the time horizon n with the real

force of interest § (i, ). Assume that u > 0, and that the premium inflow rate p and expected claim outflow
rate b = Au remain constant over the interval [0, n], where A denotes the claim arrival intensity and p
denotes the mean claim size. Under the inhomogeneous claim arrival process and financial adjustment, the
present-value surplus process is defined as

PVs(if) = u + pln) — bay
Using the expected value principle,

E[PVsip] =u+ (p — b)ay.

The solvency condition is obtained by requiring the expected present value of the surplus to remain non-
negative. This yields

E[PVg(i,f)] >ueut+p-ba,z2ue(P->b)a,=0

Introducing the premium loading factor 6, we define
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pam = (1+6)bay, 6, =21

Under this framework, the ruin probability is derived using transform methods and the exponential
distribution’s memoryless property. The resulting closed-form expression is

1 o
Wsi, W) = Tra, &P (— L ) (D

146,

Equation (1) provides an explicit expression for the ruin probability under exponential claim sizes in the
presence of financial risk. The result demonstrates that ruin probability decreases exponentially as the initial
surplus increases. The inverse relationship between initial surplus and ruin probability is consistent with recent
findings reported by Maulida et al. [13] and Saruan and Effendie [15]. However, the present framework differs
by introducing financial adjustment, time-dependent claim arrivals, and proportional taxation into the solvency
analysis.

The rate of decay depends on the effective loading factor 0, indicating that favourable financial conditions
and higher premium loadings improve insurer solvency. Compared with the classical Cramér—Lundberg
model, the proposed framework incorporates financial adjustments directly into the solvency assessment,
thereby providing a representation of insurer risk exposure.

To incorporate taxation, the loss-carry-forward transformation is applied:

Y sin @) = (1= Wsin)-r , ye[0,1) )

Substituting Equation (1) into Equation (2) yields Equation (3).

1

1 6.u =y
Frsan@) =1- (1 ~ o0 (- u(11+61))> ©

Equation (3) represents the exact ruin probability under inhomogeneous claim arrivals, exponential claim
distributions, financial risk, and proportional taxation. Although the exponential decay structure is preserved,
taxation increases the overall level of ruin probability by reducing the insurer’s retained surplus. This finding
highlights the importance of considering fiscal effects when evaluating solvency and capital adequacy
requirements.

3.2 Ruin Probability for Subexponential Claims
Assume that claim sizes follow a subexponential distribution F, with tail F (u) = 1 — F (), satisfying

D)
lim — =m, meN
U—00 F(u)

Under the extended model, the survival probability is represented using the Pollaczek—Khintchine
formulation
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where n(u) is the integrated tail distribution and "™ (u) denotes the m-fold convolution of n(u), corresponding
to the distribution of the sum of m independent random variables having distribution n.

(u)—lfu(l—F( »d
n —‘uo y))ay

Applying the Pollaczek—Khintchine formulation

Wsi ) = (1 — b?m) i (bam) ™ (w).

pan - pan
m=1

Applying the Pollaczek—Khintchine representation together with the defining property of subexponential
distributions and the Dominated Convergence Theorem yields

lim Ysun@ _ ( bam) Z (bam)
ueo 1 —F(u) pan pan

m=1

Hence, the asymptotic ruin probability is

b —_
Ysun W~ Fw), u - (4)

Equation (4) establishes that, under subexponential claim distributions, the ruin probability is asymptotically
proportional to the tail of the claim-size distribution. Unlike the exponential case, ruin is no longer driven by
the accumulation of many moderate claims but rather by the occurrence of a single exceptionally large loss.
This result is characteristic of heavy-tailed insurance risks and highlights the substantial solvency threat posed
by catastrophic claims.

Introducing taxation, we apply the transformation
1
1-—
Yysapn =1- (1 - lP8(1,1—")(11)) Y

Using asymptotic expansion, we obtain Equation (5)

1 _
YysanW~ ooy FW,  u—-® )

Equation (5) represents the asymptotic ruin probability under subexponential claim distributions, financial
risk, and proportional taxation. The result demonstrates that taxation increases insolvency risk by enlarging
the asymptotic constant associated with the claim-size tail distribution. Unlike light-tailed models, where ruin
probabilities decline rapidly, heavy-tailed claim distributions generate persistent solvency risk driven by rare
but severe losses. Consequently, insurers exposed to catastrophic risks may require substantially higher capital
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buffers, comprehensive reinsurance protection, and more rigorous solvency monitoring to maintain financial
stability under adverse economic and claim environments.

To further illustrate the effect of taxation, consider Equation (5). When y=0, the tax adjustment factor

ﬁz 1.00. Increasing the tax rate to y=0.20 raises the factor to 1.25, while y=0.30 increases it to

approximately 1.43. These values demonstrate that higher taxation amplifies the asymptotic ruin probability
by reducing the insurer’s retained surplus and limiting the resources available to absorb adverse claim
experience. As a result, insolvency risk increases progressively with the tax rate.

The analytical results also provide insight into the influence of other key model parameters on insurer
solvency. Financial discounting, represented through the real force of accumulation § (i, f), affects the present
value of future premium income and claim obligations. Favourable economic conditions characterized by
higher effective accumulation rates improve the present value of surplus and reduce ruin probability, whereas
adverse financial conditions increase insolvency risk. In addition, the premium loading factor 6, plays a
stabilizing role by increasing the margin between premium income and expected claim outflows. Higher
loading levels therefore contribute to lower ruin probabilities and stronger insurer solvency.

The incorporation of an inhomogeneous claim arrival process enables the model to capture temporal
variations in claim frequency that cannot be represented under the classical homogeneous Poisson framework.
Periods of elevated claim intensity increase the likelihood of surplus depletion and consequently lead to higher
ruin probabilities than those predicted under constant claim arrival assumptions. This demonstrates the
importance of accounting for non-stationary claim dynamics when assessing insurer solvency in environments
characterized by seasonal, economic, or regulatory fluctuations.

Overall, the results demonstrate that financial risk, taxation, and claim arrival dynamics exert a significant
influence on insurer solvency. While ruin probabilities under exponential claim distributions decline rapidly
with increasing surplus, heavy-tailed claim distributions generate substantially higher and more persistent
insolvency risk. These findings underscore the importance of incorporating time-varying claim arrivals,
financial conditions, and taxation effects into solvency assessment frameworks to support actuarial decision-
making, capital adequacy evaluation, and regulatory risk assessment.

4. CONCLUSIONS

This study developed a unified analytical framework for estimating ruin probabilities under
inhomogeneous claim arrivals, financial risk, and proportional taxation. By extending the classical Cramér—
Lundberg model through present-value surplus dynamics and time-varying claim intensities, the proposed
framework provides a representation of insurer solvency under changing economic conditions. The results
show that financial risk and taxation significantly influence ruin probabilities, while heavy-tailed claim
distributions generate substantially greater and more persistent insolvency risk than light-tailed distributions.

From a practical perspective, the findings demonstrate that insurer solvency is influenced not only by
premium income and claim experience but also by taxation, financial conditions, and temporal variations in
claim frequency. Insurers operating in environments characterized by volatile claim intensities, inflationary
pressures, and taxation may face substantially higher insolvency risk than predicted by classical ruin models.
Consequently, insurers may need to maintain stronger capital buffers, implement more comprehensive
reinsurance arrangements, and adopt dynamic solvency monitoring frameworks. For regulators, the findings
highlight the importance of incorporating economic and financial factors into solvency assessment and stress-
testing frameworks to ensure the long-term stability of insurance institutions.
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Despite its analytical contributions, the study is subject to certain limitations. The framework is developed
within a theoretical setting and does not incorporate empirical insurance portfolio data for calibration or
validation. Furthermore, dependence structures between claim frequencies, claim severities, and financial
variables are not explicitly modeled. Future research may extend the proposed framework by incorporating
stochastic interest rates, stochastic inflation processes, dependence structures, reinsurance arrangements,
investment risk, and empirical validation using real insurance datasets. Such extensions would further enhance
the practical applicability of the model and contribute to the advancement of modern ruin theory.
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